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The Sivers effect describes the correlation of the unpolarized parton’s transverse momentum with
the transverse spin of the nucleon. It manifests as a sine modulation of the cross section for single-
hadron semi-inclusive deep inelastic scattering (SIDIS) on a transversely polarized nucleon with the
azimuthal angle between the produced hadron’s transverse momentum and the nucleon spin (ϕh
and ϕS , respectively). It has been recently suggested that the Sivers effect can also be measured
in two-hadron SIDIS process as sine modulations involving the azimuthal angles ϕT and ϕR of
both the total and the relative transverse momenta of the hadron pair. Here we present the detailed
derivation of the two-hadron SIDIS cross section using simple parton-model inspired functional forms
for both the parton distribution and the fragmentation functions. We show explicitly that the terms
corresponding to the sin(ϕR − ϕS) and sin(ϕT − ϕS) modulations are nonzero. Further, we derive
the cross section expressions for single-hadron production in the two-hadron sample. Finally, we
employ a modified version of the LEPTO Monte Carlo event generator that includes the Sivers effect
to estimate the size of single spin asymmetries corresponding to these modulations independent of
the formalism developed.
PACS numbers: 13.88.+e, 13.60.-r, 13.60.Hb, 13.60.Le
I. INTRODUCTION
The Sivers effect [1] describes the correlation of the
transverse momenta of the unpolarized partons with the
transverse spin of the nucleon. It is quantified by the
Sivers parton distribution function (PDF) and plays an
important role in our understanding of the structure of
the nucleon. The Sivers PDF can be measured experi-
mentally in single-hadron production in a polarized semi-
inclusive deep inelastic scattering (SIDIS) process [2], by
measuring the single spin asymmetry (SSA) modulated
with respect to the sine of the difference of the azimuthal
angle of the produced hadron and the nucleon’s trans-
verse spin vector [3]. Here the SSA is a ratio of a con-
volution of the Sivers PDF with the unpolarized frag-
mentation function (FF) to that of the unpolarized PDF
and FF. These asymmetries have been measured in HER-
MES [4], COMPASS [5] and, JLab HALL A [6] experi-
ments. Nevertheless, due to the limited range of kinemat-
ical variables and statistics in the experimental measure-
ments, the most recent phenomenological extractions of
Sivers PDFs [7, 8] using these data have to rely on several
assumptions on the behavior of these PDFs and their fla-
vor dependence, and the resulting fit suffers from signifi-
cant statistical uncertainties. The future experiments at
JLAB12 and the planned EIC will provide more data at
higher statistics and wider kinematical range, but clearly
more input from a different kind of measurement will help
to relax the approximations and map precisely both the
flavor and momentum dependence of Sivers PDFs.
In our earlier work [9], we proposed a new approach for
measuring the Sivers function in the two-hadron SIDIS
process for a transversely polarized target. We presented
the results for the relevant cross section calculation that
involve the Sivers PDF, where there were two correspond-
ing nonvanishing SSAs with respect to sin(ϕR−ϕS) and
sin(ϕT − ϕS), respectively. Here ϕT , ϕR and ϕS are the
azimuthal angles of the total and the relative transverse
momenta of the hadron pair and the transverse spin of
the nucleon, respectively. In contrast, the leading twist
expression for the cross section of the two-hadron SIDIS
presented in Ref. [10] contains only a sin(ϕT −ϕS) mod-
ulation term. The sin(ϕR − ϕS) modulation term is ab-
sent there, as well as in the subleading twist expression of
Ref. [11] for the same cross section, when integrated over
the total transverse momentum of the pair.1 A thorough
discussion of previous work in dihadron fragmentations
is presented in Ref. [12], while the most general expres-
sion for the fully differential two-hadron cross section is
presented in Ref. [13].
The measurements of Sivers SSAs in dihadron SIDIS
production will provide new information for extracting
Sivers PDFs by simply reanalyzing data from single-
hadron SIDIS experiments in a different way. More-
over, the dihadron method offers several advantages over
single-hadron SIDIS. Namely, in the experiment where n
different types of hadrons are detected, there are only n
1 Note that our definition of ϕR, as detailed in the next section, is
different than those in Refs. [10, 11], while the definitions of ϕT
are the same.
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2single-hadron and n(n + 1)/2 dihadron SSAs, providing
a good handle for pinpointing the flavor dependence of
Sivers PDFs (for not too small n). Additionally, if we
consider the average multiplicity in the current fragmen-
tation region of each type of hadron Ni, 1 ≤ i ≤ n, the
statistical uncertainties of single-hadron SSAs for the ith
type of hadron is inversely proportional to
√
Ni, while for
a pair ij (i 6= j) it is inversely proportional to √NiNj .
Thus, in the future experiments with large average mul-
tiplicities, the dihadron SSAs would be more precisely
determined than the single-hadron ones.
In this paper we will present details of these calcu-
lations by assuming simple parton-model inspired func-
tional forms for both the unpolarized and Sivers PDFs, as
well as the unpolarized dihadron FF (DiFF). Moreover,
we will also present the results for single-hadron SSAs
in two-hadron SIDIS samples. Finally, similar to [9],
we will use the LEPTO Monte Carlo (MC) event gener-
ator [14], that has been modified to include the Sivers
effect [15, 16], to explore these phenomena in the kine-
matical region of the COMPASS experiment in a frame-
work that is independent of the assumptions employed
in deriving the SSAs. We will present an extended set
of numerical predictions for both one- and two-hadron
SIDIS asymmetries.
This paper is organized in the following way. In the
next section we briefly introduce the kinematics of the
two-hadron SIDIS process and derive the cross section
including the Sivers effect. In Sec. III, we briefly dis-
cuss the modified LEPTO (mLEPTO) MC generator and
present the predictions for Sivers SSAs. In Sec. IV we
present our conclusions and outlook. Finally, in Appen-
dices we present the detailed derivations of the cross sec-
tion expressions using simple parametrizations for the
PDFs and the DiFFs.
II. SIVERS EFFECT IN TWO-HADRON
PRODUCTION
FIG. 1. The leading order diagram for two-hadron production
in the current fragmentation region of SIDIS.
A. Cross section in terms of individual hadron
momenta
The process of two-hadron electro-production in the
current fragmentation region of SIDIS is schematically
depicted in Fig. 1. An initial lepton ` scatters inelasti-
cally on a nucleon N , where a virtual photon γ∗ strikes
a quark q, which then fragments into several hadrons.
In the final state, the scattered lepton `′ and two of the
produced hadrons h1 and h2 are detected:
`(l) +N(PN , S)→ `(l′) + h1(P1) + h2(P2) +X . (1)
We denote the momenta of the initial and final leptons
as l and l′ respectively; the momentum of the nucleon
N as PN and the spin S; the momenta of the initial
and fragmenting quarks k and k′, and the momenta of
the detected hadrons as P1 and P2, respectively. In our
calculations we use the standard SIDIS variables:
q = l − l′, Q2 = −q2, x = Q
2
2PN · q , (2)
y =
PN · q
PN · l , zi =
PN · Pi
PN · q .
Here q is the momentum of the virtual photon, x is the
usual Bjorken variable for the quark, and zi is the fraction
of the virtual photon’s energy in the laboratory system
carried by the produced hadron hi.
Throughout this work we adopt the γ∗ −N center-of-
mass frame, where the z axis is along the direction of the
virtual photon momentum q. The x-z plane is defined by
the lepton momenta l and l′. In this frame, we will define
the transverse components of the momenta with respect
to the z axis with subscript T and the transverse mo-
menta with respect to the fragmenting quark’s direction
with subscript ⊥, as demonstrated in Fig. 2
k ’ z
xy
p h
k T
P
PT
k T
k
q Nucleon
FIG. 2. γ∗ −N center-of-mass frame.
Then it is easy to see, using momentum conservation
at the quark-virtual photon vertex, that k′T = kT , as
qT ≡ 0 by definition. Further, we will employ the lead-
ing twist approximation for the transverse momenta of
the produced hadrons, similar to the single-hadron pro-
duction case [3]
P1⊥ ≈ P1T − z1kT , (3)
P2⊥ ≈ P2T − z2kT .
In general, the cross section σh1h2 depends on all the
measured independent observables. In this work we as-
sume that the cross section of the process in Eq. (1),
where both the hadrons are produced in the current
3fragmentation region, factorizes into the nonperturbative
quark PDF inside of the transversely polarized nucleon,
fq↑ ; the unpolarized DiFF, D
h1h2
q ; and the hard lepton-
quark scattering
dσh1h2
dx dQ2 dϕS dz1 dz2 d2P1T d2P2T
= C(x,Q2) (4)
×
∑
q
e2q
∫
d2kT f
q
↑ (x,kT ) D
h1h2
q (z1, z2,P1⊥,P2⊥),
where C(x,Q2) = α
2
Q4 (1 + (1 − y)2) and α is the fine-
structure coupling constant. We also note, that the unpo-
larized DiFF depends on the energy fractions and trans-
verse components of the produced hadrons with respect
to the fragmenting quark Dh1h2q (z1, z2,P1⊥,P2⊥), as well
as Q2.
The polarized PDF fq↑ depends on both the Bjorken x
and the transverse component of the fragmenting quark’s
momentum kT (and Q
2). It is composed of contributions
from the unpolarized fq1 (x, kT ) and the Sivers PDFs,
where the latter arises because of the correlation between
the active quark transverse momentum, kT , and the
transverse polarization of the nucleon, ST . Then a scalar
quantity that describes this correlation can be composed
as PˆN · [kT × ST ] = [ST × kT ]3 = ST kT sin (φk − ϕS),
with PˆN standing for the unit vector in the direction
of PN and subscript 3 denoting the z component of the
vector. We can write the polarized PDF explicitly as
fq↑ (x,kT ) = f
q
1 (x, kT ) +
[S
T
× kT ]3
M
f⊥q1T (x, kT ), (5)
where f⊥q1T (x, kT ) denotes the Sivers PDF and M is the
nucleon mass. Then the cross section of Eq (4) can be
separated into the usual unpolarized part, σU , and a spin-
dependent part induced by the Sivers effect, σS :
dσh1h2
dx dQ2 dϕS dz1 dz2 d2P1T d2P2T
= C(x,Q2) (σU + σS) ,
σU =
∑
q
e2q
∫
d2kT f
q
1 D
h1h2
q ,
σS =
∑
q
e2q
∫
d2kT
[S
T
× kT ]3
M
f⊥q1T D
h1h2
1q . (6)
It is easy to see using rotational and parity invariance
that the most general dependence of σS on the azimuthal
angles ϕ1,2 (of the transverse momenta P1,2T ) and ϕS is
given by two ”Sivers-like” terms
σS = ST
(
σ1
P1T
M
sin(ϕ1 − ϕS) (7)
+ σ2
P2T
M
sin(ϕ2 − ϕS)
)
,
where σS , σ1 and σ2 depend on x,Q
2, z1, z2, P1T , P2T and
P1T · P2T [or cos(ϕ1 − ϕ2)].
Here we use parton model parametrizations of the rele-
vant PDFs and DiFFs to derive explicit expressions for σ1
and σ2. Thus we adopt the usual factorization between
the intrinsic transverse momentum and the energy frac-
tion dependences for these functions. Further, we assume
for the PDFs a Gaussian dependence on the transverse
momentum
fq1 (x, kT ) = f
q
1 (x)
1
piµ20
e−k
2
T /µ
2
0 , (8)
where µ20 = 〈k2T 〉 is the mean value of the intrinsic trans-
verse momentum of a quark inside the nucleon. In prac-
tice µ20 is a function of the quark flavor, x and Q
2 (see,
e.g.. Ref. [17]). We adopt a similar parametrization for
the Sivers PDF from Ref. [3]:
f⊥q1T (x, kT ) = f
⊥q
1T (x)
1
piµ2S
e−k
2
T /µ
2
S . (9)
The unpolarized DiFF Dh1h21q should depend only on
z1, z2, P1⊥, P2⊥ and P1⊥·P2⊥ (again because of rotational
invariance). Then we can adopt the following form for it:
Dh1h21q (z1, z2, P1⊥, P2⊥,P1⊥ · P2⊥) = (10)
Dh1h21q (z1, z2)
1
pi2ν21ν
2
2
e−P
2
1⊥/ν
2
1−P 22⊥/ν22 (1 + cP1⊥ · P2⊥) ,
where the term c(P1⊥ · P2⊥) takes into account the trans-
verse momentum correlations experimentally established
in fragmentation (see, e.g. Ref. [18]). Note that in gen-
eral the parameters ν21 , ν
2
2 and c could depend on Q
2, z1
and z2, the flavor of the fragmenting quark q, and the
type of the produced hadrons, similar to the case of the
single-hadron fragmentation [17]. Here we omit the cor-
responding indices for such dependencies for brevity.
Using the parametrizations for the PDFs and DiFFs of
Eqs. (8-10), we can easily perform the integral over kT
in Eq. (6), with resulting expressions for the unpolarized
and spin-dependent cross section terms:
σU =
∑
q
e2qf
q
1 (x)D
h1h2
1q (z1, z2)C
h1h2
0 , (11)
σ1 =
∑
q
e2qf
⊥q
1T (x)D
h1h2
1q (z1, z2)C
h1h2
1 ,
σ2 =
∑
q
e2qf
⊥q
1T (x)D
h1h2
1q (z1, z2)C
h1h2
2 ,
where the expressions for the factors Ch1h2i are presented
in Appendix A.
The results of the experimental measurements of the
two-hadron SIDIS production cross section are often pre-
sented after integration over the azimuthal angle of one
of the transverse momenta and some range of its magni-
tude. In Appendix B we calculate these integrals of the
4two-hadron cross section over ϕ1 or ϕ2
dσh1h2
P1T dP1T d2P2T
= C(x,Q2) (12)
×
[
σU,0 + ST
(
P1T
2M
σ1,1 + σ2,0
P2T
M
)
sin(ϕ2 − ϕS)
]
,
dσh1h2
d2P1T P2T dP2T
= C(x,Q2) (13)
×
[
σU,0 + ST
(
P1T
M
σ1,0 + σ2,1
P2T
2M
)
sin(ϕ1 − ϕS)
]
,
where σU,0 and σ1(2),0(1) denote the moments with re-
spect to cos(n(ϕ1 − ϕ2)) Fourier expansion of the corre-
sponding cross section terms of Eq. (11). Examining the
explicit expressions for these moments presented in Ap-
pendix B, it is easy to conclude that, in general, Sivers
modulations of one hadron do not vanish when we inte-
grate over the azimuthal angle of the other hadron.
B. Cross section in terms of relative and total
hadron momenta
It is often convenient to use linear combinations of P1T
and P2T as independent transverse momentum variables.
In literature the total transverse momentum, PT , and the
half of the relative transverse momentum of the hadron
pair, R are conventionally chosen [10, 19, 20]
PT = P1T + P2T , (14)
R =
1
2
(P1T − P2T ) , (15)
where the corresponding azimuthal angles are denoted
as ϕT and ϕR. We can easily transform the the expres-
sions for the cross section in Eqs. (6,7) by noting that the
Jacobian of the transformation ∂(P1T ,P2T )/∂(PT ,R) is
simply 1. Then we can express the cross section as
dσh1h2
d2PT d2R
= C(x,Q2)
[
σU (16)
+ST
(
σT
PT
M
sin(ϕT − ϕS) + σR R
M
sin(ϕR − ϕS)
)]
,
where σT =
1
2 (σ1 + σ2), σR = σ1 − σ2, and we sup-
pressed the dependence of the cross section on the rest
of the variables for brevity. The details of the derivation
and the explicit expressions for σT and σR can be found
in Appendix C. We note that the structure functions
σU , σT and σR depend on x, Q
2, z1, z2, PT , R and
PT ·R = PTR cos(ϕT −ϕR). Moreover, it is easy to con-
vince oneself by examining the expression in Eq. (C7),
that in general σR 6= 0. This can be ensured, for exam-
ple, by choosing asymmetric cuts on the minimum values
of z1 and z2.
Keeping in mind the experimental extractions of the
Sivers asymmetries, it is useful to calculate the cross sec-
tion in Eq. (16) after integrating over the azimuthal angle
of the relative or total transverse momentum, ϕR or ϕT
respectively:
dσh1h2
d2PTRdR
= C(x,Q2)
[
σU,0 (17)
+ST
(
PT
M
σT,0 +
R
2M
σR,1
)
sin(ϕT − ϕS)
]
,
dσh1h2
PT dPT d2R
= C(x,Q2)
[
σU,0 (18)
+ST
(
PT
2M
σT,1 +
R
M
σR,0
)
sin(ϕR − ϕS)
]
,
where σU,i, σT,i and σR,i are the zeroth (i = 0) and the
first (i = 1) harmonics of the cos(n(ϕT − ϕR)) Fourier
expansions of the corresponding structure functions. The
explicit expressions for these functions are presented in
Appendix D. It can be seen clearly from the expres-
sions in Eqs. (D9,D16,D17,D21,D22), that in general the
Sivers effect is nonzero in Eqs. (17,18). Moreover, both
the sin(ϕT−ϕS) and sin(ϕR−ϕS) modulations have con-
tributions from both the σT and σR unintegrated cross
section terms.
C. Sivers effect for R with Pavia convention
It has been noted in the Introduction, that in previous
work of Refs. [10, 11], modulations with respect to the
azimuthal angle of the relative transverse momenta are
absent in the dihadron cross section. This seeming con-
tradiction with our results of Eq. (18) can be resolved by
examining the differences in the definitions of the relative
transverse momenta. In Pavia notation of Refs. [10, 11],
the relative transverse momentum of the hadron pair,
RP , is defined as the component of R transverse to Ph:
RP ≡ R− (R · Pˆh)Pˆh = R− (R · Ph)Ph
P 2h
(19)
In the leading order approximation in the deep inelas-
tic scattering (DIS) regime, where we neglect the small
transverse momenta and mass terms compared to Q, we
can make the approximation
P 2i = E
2
i −m2i ≈ z2i k′2, (20)
Then
RP = R− z
2
1 − z22
(z1 + z2)2
Ph
2
= ξ2P1 − ξ1P2, (21)
ξi ≡ zi
z1 + z2
. (22)
Finally
RPT = ξ2P1T − ξ1P2T = ξ2P1⊥ − ξ1P2⊥. (23)
Thus RPT , at the leading order approximation, is com-
pletely disconnected form the fragmenting quark’s trans-
verse momentum kT , thus it should produce no Sivers
5asymmetry in the corresponding cross section. Further
details and model-independent expressions for the cross
sections of the dihadron production as functions of either
choices of R are presented in Ref. [21].
III. MODIFIED LEPTO (mLEPTO) INCLUDING THE
SIVERS EFFECT AT LEADING ORDER
Monte Carlo event generators are an important tool in
both theoretical an experimental studies of high energy
DIS reactions. At present, however, none of the these
event generators implement the simulations of the ex-
perimentally observed azimuthal asymmetries for hadron
production in SIDIS on either unpolarized or polarized
targets. Here our goal is to use an event generator to
test the existence of the azimuthal modulations induced
by the Sivers effect in two-hadron SIDIS, to support the
parton model derivations for the relevant cross section
performed in the previous section. Thus, we chose one of
the widely used unpolarized event generators, LEPTO [14],
and modified the code (mLEPTO) to include both Cahn
and Sivers azimuthal modulations of the transverse mo-
mentum of the active quark before hard scattering and
hadronization [15, 16]. Here we first employ mLEPTO to
calculate the SSAs for the Sivers effect in the single-
hadron SIDIS process in the kinematical region of the
COMPASS experiment, using the empirical parametriza-
tions of Eq. (9) of the Sivers PDFs from Ref. [8] that were
fitted to the experimental data of Refs. [4, 5]. This al-
lows us to validate mLEPTO by comparing the dependence
of these SSAs for both positively and negatively charged
hadrons to those extracted in experiment and slightly
adjust the parameters (within their uncertainties) of the
Sivers PDFs to achieve the best match. Further, we use
mLEPTO to calculate the SSAs in two-hadron SIDIS in-
duced by the Sivers effect for the kinematics of the COM-
PASS experiment. We note, that the hadronization in the
Lund model, implemented in LEPTO, is different from the
independent FFs of the parton model factorization theo-
rem. Nevertheless, these two approaches produce similar
results for the current fragmentation region of COMPASS
kinematics [22].
In the mLPETO simulations used in this article we
generated 1011 DIS events in the kinematical region of
the the COMPASS experiment [5], where Eµ = 160 GeV
muons were scattered off the NH3 target. The following
kinematic cuts are applied: Q2 > 1 GeV2, 0.1 < y <
0.9, 0.03 < x < 0.7, W > 5 GeV. The single-hadron
SSAs calculated in this simulations then can be directly
compared with those measured in Ref. [5].
First we examine the SSAs for the single-hadron SIDIS
production off transversely polarized proton target, in-
duced by the Sivers effect. We present the results of our
mLEPTO simulations with only a single sin(ϕ−ϕS) modu-
lation present, where ϕ = ϕh for one hadron production,
and ϕ = ϕR or ϕ = ϕT for two-hadron production (see
h-  mLEPTO
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h-  COMPASS
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FIG. 3. COMPASS results for Sivers asymmetry in a charged
(triangles for positive and crosses for negative) hadron pro-
duction off proton target, compared to those from mLEPTO
(bands), for x (a), z (b), and PT (c) dependencies. The width
of each band indicates the statistical accuracy of our simula-
tions and does not include the uncertainties of the PDFs.
Eqs. (17,18)). Then the cross section can be written as
dσ ∝ σU + ST σ˜S sin(ϕ− ϕS), (24)
where σU , σ˜S are the corresponding unpolarized and
Sivers cross section terms, and the asymmetry is defined
as
ASiv =
σ˜S
σU
. (25)
6h+
h-
Nh q
0
0.2
0.4
s u d d u s
FIG. 4. mLEPTO predictions for the relative rates for the fla-
vor of the struck quark that produces positively (in red) and
negatively (in blue) charged hadrons in MC events with all
the relevant kinematical cuts.
The mLEPTO results for both positively and negatively
charged hadron are depicted on the plots in Fig. 3 as func-
tions of: (a) the Bjorken x, (b) the produced hadrons’
energy fraction z, and (c) the transverse momentum PT .
The COMPASS results of Ref. [5] are also depicted here,
and mLEPTO describes them well. Here we imposed addi-
tional kinematic cuts PT > 0.1 GeV and z > 0.2, follow-
ing the procedure used by the COMPASS collaboration
in Ref. [5].
mLEPTO allows one to determine the flavor of the struck
quark in each SIDIS event, which provides very useful
information for the phenomenological analysis of the re-
sults. The plots in Fig. 4 depict the results for the relative
rates for the struck quark flavor in events that produce a
given type hadron satisfying the kinematic cuts imposed
in our analysis. Here we find that the positively charged
hadrons, h+ in red, are predominately produced by the u
quarks, while the negatively charged hadrons, h− in blue,
are produced almost equally by both u and u¯ quarks, as
well as significantly by the d quark. These results are
easy to interpret by considering the relative magnitudes
of the quark PDFs and the fragmentation functions in
the kinematics of this analysis.
Next, we present on the plots in Fig. 5 our results pre-
dicting the dependence of the Sivers SSAs for a SIDIS
production of a hadron pair with opposite charges h+h−.
In the analysis of the MC generated events, the hadron
labelled ”1” (the first hadron) is chosen as h+ and the
hadron labelled ”2” ( the second hadron) as h− and we
extract the SSAs corresponding to both sin(ϕT − ϕS)
and sin(ϕR − ϕS) modulations (labelled ”T” and ”R”
on the plots). The dependence of these SSAs on the
quark x are depicted in subfigure (a) and on the to-
tal energy fraction of the pair z = z1 + z2 in subfigure
(b). Further, the plots in Fig 6 depict the results for the
SSAs as functions of the invariant mass Mh in subfigure
(a), and the transverse momentum corresponding to the
type of the modulation in subfigure (b). Again, we im-
posed the following kinematic cuts on the momenta of
the hadrons P1(2)T > 0.1 GeV, z1(2) > 0.1. The SSAs,
R
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FIG. 5. mLEPTO predictions for the dependence of the Sivers
asymmetry on: (a) x, and (b) the total energy fraction z, in
oppositely charged hadron pair production off proton target
for both ϕR and ϕT asymmetries integrated over PT and R,
respectively. The bands labeled ”Cut” are the results with the
additional cut on the positively charged hadron’s momentum,
as described in the text.
especially corresponding to the R modulations are sup-
pressed in comparison with the single-hadron case, and
thus might be harder to access experimentally. We have
checked that in our MC sample the distributions of the
first and the second hadrons are practically identical as
functions of the transverse momentum and fractional en-
ergy. This observation can explain the smallness of the R-
type Sivers asymmetry as a function of x, since if ν1 = ν2
and 〈z1〉 = 〈z2〉, then βS1 = βS2 [see Eq. (C7)]. As
expected from the results in the previous section, these
SSAs can be enhanced by imposing asymmetric cuts on
the momenta of the hadrons in a pair. The bands la-
beled ”Cut” in Fig. 5 depict the results with cuts on the
momentum of the positively charged hadron: z1 > 0.3
and PT1 > 0.3 GeV. The results exhibit a significant en-
hancement for both T- and R-type SSAs, making them
comparable in magnitude to those for the single-hadron
SIDIS production.
It is also interesting to study pairs with the same
charge, as this will allow one to measure an asymme-
try with the Sivers function convoluted with dihadron
fragmentation functions that are different from those for
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FIG. 6. mLEPTO predictions for the dependence of the Sivers
asymmetry on (a) Mh and (b) the magnitude of the relevant
momentum P , in oppositely charged hadron pair production
off proton target for both ϕR and ϕT asymmetries integrated
over PT and R, respectively. The bands labeled ”Cut” are
the results with the additional cut on the positively charged
hadron’s momentum, as described in the text.
the oppositely charged hadrons (as expected in analogy
to the results for the NJL-jet calculations of dihadron
fragmentation functions that depend on zh and Mh of
Ref. [23]). In general, if we randomly assign labels h1
and h2 to same charged hadrons in the pair (and only ap-
ply symmetric momentum cuts), the R-type modulations
are expected to vanish, since the difference of the trans-
verse momenta of these hadrons in two similar events
can have opposite signs and cancel any possible angular
modulations. Nevertheless, we can generate non zero R-
type SSAs for these pairs by ordering the hadrons in the
pairs according to their energy fraction: the hadron h1
would be the one with the larger value of z (i.e. z order
the hadrons in a pair). Further, we can enhance both R-
and T-type modulations by imposing asymmetric cuts on
the momenta of the hadrons in the pair. For example,
setting the z1 > zmin for the hadron labelled h1 would
preferentially select those hadrons produced at the ini-
tial stages of the hadronization process for large enough
zmin, while the average production rank of the hadron
labelled h2 would become larger when zmin is increased.
Further, we can learn about the relative rates of the dif-
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FIG. 7. mLEPTO predictions for the relative rates for the flavor
of the struck quark that produces a pair of both positively
charged (in red), both negatively charged (in blue), and op-
positely charged (in orange) hadrons in MC events with the
relevant kinematical cuts (a) and additional asymmetric cuts
on the momenta of the first hadron in the pair (b).
ferent hadron pair production and their dependence on
the struck quark’s flavor from the plots in Fig. 7, that are
the analogues of those for the single-hadron production
in Fig. 4. Here we note that h+h− pairs are produced at
the highest rate for pairs with no additional cuts shown
in Fig. 7(a) and those with asymmetric cuts on the mo-
menta of the hadrons in the pair shown in Fig. 7(b). The
h+h+ pairs are produced primarily by the u quark at a
rate comparable to that of h+h− pairs, while h−h− pairs
are produced almost equally by both u and u¯ quarks
at a significantly smaller rate compared to h+h− pairs.
Moreover, both the extracted asymmetries as functions of
all the relevant variables and the production rates (that
affect statistical errors) for the two negatively charged
hadrons are much smaller than for the other pairs, even
with the additional asymmetric cuts on the momenta of
the first hadron. Thus, we will present only the results
for the h+h+ pairs.
The plots in the Figs. 8 and 9 are the analogues of
those in Figs. 5 and 6 respectively, for the h+h+ pairs.
We note that the asymmetries for the h+h+ pairs are
enhanced when compared to the corresponding ones for
h+h− pairs. For example, the peak value of the T Cut
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FIG. 8. mLEPTO predictions for the dependence of the Sivers
asymmetry on: (a) x, and (b) the total energy fraction z, in
positively charged hadron pair production off a proton target
for both ϕR and ϕT asymmetries integrated over PT and R,
respectively. The bands labeled ”Cut” are the results with the
additional cut on the first hadron’s momentum, as described
in the text.
asymmetry shown as a function of x is approximately
0.05 for the h+h− pairs in Fig. 5(a), while for h+h+
pairs it is approximately 0.06 in Fig. 8(a). While this
makes the asymmetries for h+h+ pairs easier to mea-
sure, mLEPTO simulations show that the number of h+h+
pairs produced within the kinematical limits employed in
this work will be several times less than the h+h− pairs,
as shown in Fig. 7.
IV. CONCLUSIONS
The experimental measurement of the Sivers effect in
two-hadron semi-inclusive production in lepton-nucleon
DIS was first proposed in Ref. [9], where only a brief
summary of the results of parton model calculations of
the relevant cross section terms were presented, along
with mLEPTO predictions for the corresponding asymme-
tries for oppositely charged hadron pairs in COMPASS
kinematics. This is the first article where we present the
complete details of both phenomenological expressions
for the relevant terms in the dihadron SIDIS cross sec-
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FIG. 9. mLEPTO predictions for the dependence of the Sivers
asymmetry on (a) Mh and (b) the magnitude of the relevant
momentum P , in positively charged hadron pair production
off a proton target for both ϕR and ϕT asymmetries inte-
grated over PT and R, respectively. The bands labeled ”Cut”
are the results with the additional cut on the first hadron’s
momentum, as described in the text.
tion and independent numerical Monte Carlo predictions
for the corresponding SSAs in the COMPASS kinemat-
ics. In this work we have expanded the calculations of the
cross section terms relevant for the Sivers effect of Eq. (6),
where the correlation between the transverse momentum
of the unpolarized struck quark inside of the transversely
polarized nucleon induces modulations (7) with respect
to the sines of the angles between each hadron’s trans-
verse momenta and the nucleon’s transverse spin in the
cross section of two-hadron SIDIS. We used simple par-
ton model parametrizations of the unpolarized and Sivers
PDFs, as well as the unpolarized DiFF of Eqs. (8-10)
to perform the integrals over the transverse momenta in
Eq. (6), with explicit expressions for the resulting cross
section terms of Eq. (11) presented in the Appendix A.
Further, in Appendix B we calculated the explicit expres-
sion for the cross section of Eqs. (12,13), where one has
integrated over the azimuthal angle of one of the hadrons
in the pair. Here the cross section is still modulated with
respect to the sine of the difference of the unintegrated
hadron’s azimuthal angle and ϕS , with a coefficient in-
volving the moments of the Fourier expansions of both
9the unintegrated cross section terms σ1 and σ2. The cross
section of two-hadron SIDIS is often expressed in terms
of the vectors PT and R which are the total and half
of the relative transverse momenta of the hadron pair.
We derived the corresponding relations in Eq. (16) for
the cross section in Appendix C. Here again the cross
section is modulated with respect to both sin(ϕT − ϕS)
and sin(ϕR − ϕS), where the explicit expressions for the
corresponding coefficients σT and σR in Eqs. (C3-C7)
show that both these terms are in general nonvanish-
ing. Finally, in Appendix D we present the explicit ex-
pressions for the cross section Eq. (16) integrated over
ϕR in Eq. (17) and over ϕT in Eq. (18). Again, the
integrated cross sections are modulated with respect to
the sine of the unintegrated angle minus ϕS , where the
explicit expressions for the corresponding coefficients in
Eqs. (D9,D16,D17,D21,D22) prove that these terms are
nonvanishing in general.
In the last part of Sec. II we showed using leading or-
der approximations, that relative transverse momentum
RP defined in Ref. [10, 11], is independent of the trans-
verse momentum of the fragmenting quarks’ transverse
momentum. This entails that no associated Sivers ef-
fect should be observed for this choice of RP , as detailed
in Ref. [21]. Subsequently, experimental measurements
of Sivers-type modulations involving both R (where we
expect their presence) and RP (where no modulations
are expected) will serve as a test for applicability of the
factorization framework and the leading order approxi-
mations used in this and earlier work.
In Sec. III we expanded the description of the mLEPTO
MC event generator that incorporates both Sivers and
Cahn effects. We have presented the results for (both
positively and negatively charged) single-hadron Sivers
asymmetries in COMPASS kinematics as functions of the
Bjorken x, the hadron energy fraction z and the trans-
verse momentum PT in Fig. 3. The results of the COM-
PASS measurements presented in the same figure indicate
a good agreement of our MC results with the experiment.
Further, we have presented the results for the dihadron
Sivers asymmetries of oppositely charged hadron pairs in
Figs. 5 and 6 for both sin(ϕT − ϕS) and sin(ϕR − ϕS)
modulations as functions of x, z, invariant mass Mh and
the relevant transverse momentum (PT or R). These re-
sults show nonzero modulations for all the considered de-
pendencies, thus providing an independent proof that the
Sivers effect leads to both sin(ϕT −ϕS) and sin(ϕR−ϕS)
modulations in the dihadron SIDIS cross section. More-
over, with an appropriate choice of kinematics such mod-
ulations are also present for the h+h+ hadron pairs, as
shown in Figs. 8 and 9, with larger asymmetries than for
the h+h− pairs.
We conclude that the Sivers SSAs in the dihadron
SIDIS process should be comparable to those for the
single-hadron SIDIS. Thus, the experimental measure-
ment of the Sivers SSAs for various hadron pairs using the
data collected at COMPASS and the future SIDIS exper-
iments, such as those planned at JLAB12 and EIC, would
contribute a large amount of information for extracting
the Sivers PDFs. The unpolarized dihadron fragmenta-
tion functions of Eq. (4) can be studied in models, such
as Refs. [12, 23–25], and extracted using MC generators
analogous to the studies [26, 27] of unpolarized DiFFs
that depend on z and Mh. Alternatively, these DiFFs
and Sivers PDF can be extracted from experiment us-
ing our simple parametrizations of Sec. II A and the ex-
plicit cross section expressions presented in the Appen-
dices, similar to the fits of the Sivers PDF in Ref. [3]. In
our future work we will use the versatile mLEPTO gener-
ator along with state-of-the-art parametrizations of the
Sivers PDFs to calculate projections for the Sivers SSAs
in kinematics of various upcoming experiments, such as
those proposed at JLAB12 and EIC.
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Appendix A: The Cross Section Terms Dervied Using the Parametric Forms for PDFs and DiFFs
In this section we present the explicit expressions for the cross section terms in Eq. (11) derived from Eq. (6) using
the parametrizations for PDFs and DiFFs of Eqs. (8-10), along with the approximate relations for the transverse
momenta of the produced hadrons of Eq. (3). The factor Ch1h20 in the unpolarized term σU in the Eq. (11) can be
expressed as
Ch1h20 =
e−L
pi2λ412
(
1 + c (P1T − z1V ) · (P2T − z2V ) + z1z2c µ
2
0ν
2
1ν
2
2
λ412
)
, (A1)
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where
λ412 ≡ ν21ν22 + µ20(z21ν22 + z22ν21), (A2)
L ≡ 1
λ412
(
ν22P
2
1T + ν
2
1P
2
2T + µ
2
0(z2P1T − z1P2T )2
)
, (A3)
V ≡ µ
2
0
λ412
(z1ν
2
2P1T + z2ν
2
1P2T ) = β1P1T + β2P2T , (A4)
β1 ≡ z1µ
2
0ν
2
2
λ412
, β2 ≡ z2µ
2
0ν
2
1
λ412
. (A5)
The terms Ch1h21,2 of the cross section in Eq. (11) induced by the Sivers effect, σ1,2, can be expressed as
Ch1h21 ≡
e−LS
pi2λ4S12
(βS1 − cB1), (A6)
Ch1h22 ≡
e−LS
pi2λ4S12
(βS2 − cB2), (A7)
where LS , VS , λS12, βS1 and βS2 are defined by replacing µ0 with µS in the corresponding expressions in (A2) for
the unpolarized quantities and
B1 ≡ 1
2
βS2ν
2
2 − βS1(B0 + z1z2
µ2Sν
2
1ν
2
2
λ4S12
), (A8)
B2 ≡ 1
2
βS1ν
2
1 − βS2(B0 + z1z2
µ2Sν
2
1ν
2
2
λ4S12
), (A9)
B0 ≡z1z2µ
2
Sν
2
1ν
2
2
λ4S12
− z2βS1(1− z1βS1)P 21T − z1βS2(1− z2βS2)P 22T (A10)
+ (1− z1βS1 − z2βS2 + 2z1z2βS1βS2)P1TP2T cos(ϕ1 − ϕ2).
Appendix B: Derivation of the Integrated Cross Section
In this section we derive the cross section (6) for two-hadron production in SIDIS process, integrated over the
azimuthal angle of one of the hadrons. The dependence of the cross section on ϕ1 and ϕ2 is given by the explicit sine
dependence of the Sivers terms (7) and by the dependence of σU{,1,2} on cos(ϕ1 − ϕ2). Thus, we first expand these
structure functions as Fourier series in cos(ϕ), with ϕ ≡ ϕ1 − ϕ2,
σi =
1
2pi
∞∑
n=0
σi,n cos(nϕ); i ∈ {U, 1, 2}, (B1)
where we can access the mth moment using the orthogonality of the cosines∫ pi
−pi
dϕ cos(mϕ)σi =
1
2pi
∞∑
n=0
∫ pi
−pi
dϕ cos(mϕ) cos(nϕ)σi,n =
1 + δ0m
2
σi,m,
σi,m =
2
1 + δ0m
∫ pi
−pi
dϕ cos(mϕ) σi; i ∈ {U, 1, 2}. (B2)
Here we calculate the integral of the cross section over the azimuthal angle of the first hadron ϕ1
dσh1h2
P1T dP1T d2P2T
=
∫
dϕ1C(x,Q
2)
[
σU + ST
(
σ1
P1,T
M
sin(ϕ1 − ϕS) + σ2P2,T
M
sin(ϕ2 − ϕS)
)]
. (B3)
In the unpolarized part, only the zeroth moment survives after the integration∫
dϕ1σU = σU,0 =
∑
q
e2qf
q
1 (x)D
h1h2
1q (z1, z2)C
h1h2
0,0 . (B4)
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Then, in the Sivers term involving sin(ϕ1 − ϕS), only the first moment remains after the integration∫
dϕ1σ1 sin(ϕ1 − ϕS) = σ1,1 sin(ϕ2 − ϕS)
2
=
1
2
∑
q
e2qf
⊥q
1T (x)D
h1h2
1q (z1, z2)C
h1h2
1,1 sin(ϕ2 − ϕS). (B5)
Finally, for the Sivers term involving sin(ϕ2 − ϕS),∫
dϕ1σ2 sin(ϕ2 − ϕS) = σ2,0 sin(ϕ2 − ϕS) =
∑
q
e2qf
⊥q
1T (x)D
h1h2
1q (z1, z2)C
h1h2
2,0 sin(ϕ2 − ϕS). (B6)
Analogously, we can derive the expressions obtained after integrating over ϕ2. Then we can summarize the results
for integration over either ϕ1 or ϕ2,
dσh1h2
P1T dP1T d2P2T
= C(x,Q2)
[
σU,0 + ST
(
P1T
2M
σ1,1 + σ2,0
P2T
M
)
sin(ϕ2 − ϕS)
]
, (B7)
dσh1h2
d2P1T P2T dP2T
= C(x,Q2)
[
σU,0 + ST
(
P1T
M
σ1,0 + σ2,1
P2T
2M
)
sin(ϕ1 − ϕS)
]
. (B8)
Next we calculate the zeroth moment of Ch
1h2
0 . We can easily see form Eq. (A1), that C
h1h2
0 depends linearly on
cos(ϕ), times an exponent in cos(ϕ)
Ch1h20 = E0 e
−ξ cos(ϕ)(c0 + c1 cos(ϕ)), (B9)
where
E0 ≡ 1
pi2λ412
e−(P
2
1T (ν
2
2+µ
2
0z
2
2)+P
2
2T (ν
2
1+µ
2
0z
2
1))/λ
4
12 , (B10)
ξ ≡ 2z1z2µ
2
0
λ412
P1TP2T , (B11)
and
c0 = 1 + c
[
z1z2µ
2
0ν
2
1ν
2
2
λ412
− z2β1(1− z1β1)P 21T − z1β2(1− z2β2)P 22T
]
, (B12)
c1 = c (1− z1β1 − z2β2 + 2z1z2β1β2)P1TP2T cos(ϕ1 − ϕ2). (B13)
Then we express the relevant moments of Ch1h20 as
Ch1h20,0 = 2piE0 (c0I0(ξ) + c1I1(ξ)), (B14)
Ch1h20,1 = 4piE0
(
c0I1(ξ) +
1
2
c1 [I0(ξ) + I2(ξ)]
)
, (B15)
where In(a) are the modified Bessel functions of the first kind.
Next, we want to calculate the first two moments of σ1, by first expressing it as
Ch1h21 = ESe
−ξS cos(ϕ)(d0 + d1 cos(ϕ)), (B16)
where
ES ≡ 1
pi2λ4S12
e−(P
2
1T (ν
2
2+µ
2
Sz
2
2)+P
2
2T (ν
2
1+µ
2
Sz
2
1))/λ
4
S12 , (B17)
ξS ≡ 2z1z2µ
2
S
λ4S12
P1TP2T , (B18)
and
d0 = βS1 − c [ 1
2
βS2ν
2
2 − βS1(2z1z2
µ2Sν
2
1ν
2
2
λ4S12
− z2βS1(1− z1βS1)P 21T − z1βS2(1− z2βS2)P 22T )], (B19)
d1 = c βS1(1− z1βS1 − z2βS2 + 2z1z2βS1βS2)P1TP2T cos(ϕ1 − ϕ2). (B20)
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Then we can easily calculate the first two moments of Ch1h21
Ch1h21,0 = 2piES (d0I0(ξS) + d1I1(ξ)), (B21)
Ch1h21,1 = 4piES
(
d0I1(ξS) +
1
2
d1 [I0(ξS) + I2(ξS)]
)
. (B22)
The expressions for the moments of σ2 can be obtained by simply replacing the 1↔ 2 indices in the corresponding
expressions for the moments of σ1.
Appendix C: Derivation of the Cross Section in Terms of PT and R Variables
In this section we derive the formula for the cross section in terms of the transverse momenta PT and R. It is easy
to see from Eq. (14) that the relevant variable change for the unpolarized term σU in Eqs. (6,11) only needs to be
performed in the term Ch1h20 from Eq. (A1)
Ch1h20 =
e−L
pi2λ412
(
1 + c
[
z1z2µ
2
0ν
2
1ν
2
2
λ412
+ (1− z1(β1 + β2))(1− z2(β1 + β2))P 2T /4 (C1)
− (1− z1(β1 − β2))(1 + z2(β1 − β2))R2 + (z1β2 − z2β1 + z1z2(β21 − β22))PTR cos(ϕ)
])
,
and
L =
1
λ412
[
1
4
P 2T (ν
2
1 + ν
2
2 + µ
2
0(z1 − z2)2) +R2(ν21 + ν22 + µ20(z1 + z2)2) + PT ·R(ν22 − ν21 + µ20(z22 − z21))
]
. (C2)
It is clear from the expression presented above, that σU is a function of PT , R and PT ·R (or cos(ϕT − ϕR).
Next, let’s examine the σS term in Eq. (7), which we can rewrite as:
σS =
(
σ1
[ST ,PT /2 +R]3
M
+ σ2
[ST ,PT /2−R]3
M
)
= ST
(
σT
PT
M
sin(ϕT − ϕS) + σR R
M
sin(ϕR − ϕS)
)
, (C3)
where
σT ≡σ1 + σ2
2
=
∑
q
e2qf
⊥q
1T (x)D
h1h2
1q (z1, z2)C
h1h2
T , (C4)
σR ≡σ1 − σ2 =
∑
q
e2qf
⊥q
1T (x)D
h1h2
1q (z1, z2)C
h1h2
R . (C5)
We can express σT and σR in terms of PT and R by calculating
Ch1h2T =
e−LS
2pi2λ4S12
[
(βS1 + βS2)
(
1 + z1z2c
µ2Sν
2
1ν
2
2
λ4S12
)
− c
2
(βS1ν
2
1 + βS2ν
2
2) + c(βS1 + βS2)B0
]
, (C6)
Ch1h2R =
e−LS
pi2λ4S12
[
(βS1 − βS2)
(
1 + z1z2c
µ2Sν
2
1ν
2
2
λ4S12
)
− c
2
(βS1ν
2
1 − βS2ν22) + c(βS1 − βS2)B0
]
. (C7)
where
B0 =
z1z2µ
2
Sν
2
1ν
2
2
λ4S12
+ (1− z1(βS1 + βS2))(1− z2(βS1 + βS2))P
2
T
4
(C8)
− (1− z1(βS1 − βS2))(1 + z2(βS1 − βS2))R2 + (z1βS2(1− z2βS2)− z2βS1(1− z1βS1))PT ·R.
It is easy to see that Ch1h2R is not vanishing when
βS1 6= βS2 (C9)
and/or
βS1ν
2
1 6= βS2ν22 . (C10)
These conditions are satisfied, for example, for asymmetric (z1 > z2) pairs.
13
Appendix D: The Explicit Expressions of the Integrated Cross Section in Terms of PT and R
In this section we derive the cross sections (18,17) for two-hadron production in the SIDIS process, integrated over
the azimuthal angle of the total or the relative transverse momenta of the hadron pair. The dependence on ϕR and
ϕT of the cross section is given by the explicit sine dependence of the Sivers terms (16), and by the dependence of
σU{,1,2} on cos(ϕT − ϕR). Here we can again employ the Fourier expansion of the relevant terms in the cross section
in ϕ ≡ ϕT − ϕR.
First we calculate the ϕR integrated results
dσh1h2
d2PTRdR
=
∫
dϕR
dσh1h2
d2PT d2R
= C(x,Q2)
[
σU,0 + ST
(
PT
M
σT,0 +
R
2M
σR,1
)
sin(ϕT − ϕS)
]
, (D1)
For the ϕT integrated results we have
dσh1h2
PT dPT d2R
=
∫
dϕT
dσh1h2
d2PT d2R
= C(x,Q2)
[
σU,0 + ST
(
PT
2M
σT,1 +
R
M
σR,0
)
sin(ϕR − ϕS)
]
. (D2)
We first calculate the zeroth moment of σU . This can be accomplished by first expressing C
h1h2
0 in terms of the
variables PT and R and introducing the following notation
Ch1h20 = E˜0e
−τ cos(ϕ)(c˜0 + c˜1 cos(ϕ)), (D3)
where
E˜0 ≡ 1
pi2λ412
e−L˜0 , (D4)
L˜0 ≡ 1
λ412
[
1
4
P 2T (ν
2
1 + ν
2
2 + µ
2
0(z1 − z2)2) +R2(ν21 + ν22 + µ20(z1 + z2)2))], (D5)
τ ≡ ν
2
2 − ν21 + µ20(z22 − z21)
λ412
PTR, (D6)
and
c˜0 ≡ 1 + c
[
z1z2µ
2
0ν
2
1ν
2
2
λ412
+ ((1− z1(β1 + β2))(1− z2(β1 + β2))P 2T /4− (1− z1(β1 − β2))(1 + z2(β1 − β2))R2)
]
, (D7)
c˜1 ≡ c
[
z1β2 − z2β1 + z1z2(β21 − β22)
]
PTR. (D8)
Then we can easily calculate
σU,0 = 2pi
∑
q
e2qf
q
1 (x)D
h1h2
1q (z1, z2)E˜0(c˜0I0(τ) + c˜1I1(τ)). (D9)
Next, we calculate the zeroth and the first moments of σT , which are expressed in terms of the moments of C
h1h2
T .
To calculate the latter, first we introduce the following notation
Ch1h2T = E˜Se
−τS cos(ϕ)(c˜T0 + c˜T1 cos(ϕ)), (D10)
where
E˜S ≡ 1
pi2λ4S12
e−L˜S , (D11)
L˜S ≡ 1
λ4S12
[
1
4
P 2T (ν
2
1 + ν
2
2 + µ
2
S(z1 − z2)2) +R2(ν21 + ν22 + µ2S(z1 + z2)2))], (D12)
τS ≡ ν
2
2 − ν21 + µ2S(z22 − z21)
λ4S12
PTR, (D13)
and
c˜T0 ≡ c
2
{
(βS1 + βS2)
[
1
c
+ 2z1z2
µ2Sν
2
1ν
2
2
λ4S12
+ (1− z1(βS1 + βS2))(1− z2(βS1 + βS2))P
2
T
4
(D14)
−(1− z1(βS1 − βS2))(1 + z2(βS1 − βS2))R2
]
− 1
2
(βS1ν
2
1 + βS2ν
2
2)
}
,
c˜T1 ≡ c
2
(βS1 + βS2)(z1βS2 − z2βS1 + z1z2(β2S1 − β2S2))PTR. (D15)
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The calculation of the moments of σT is then straightforward
σT,0 = 2pi
∑
q
e2qf
⊥q
1T (x)D
h1h2
1q (z1, z2)E˜S(c˜T0I0(τS) + c˜T1I1(τS)), (D16)
σT,1 = 4pi
∑
q
e2qf
⊥q
1T (x)D
h1h2
1q (z1, z2)E˜S
(
c˜T0I1(τS) +
1
2
[c˜T0I0(τS) + c˜T1I1(τS)]
)
. (D17)
The calculation of the σR moments is analogous to that for σT case. First we introduce the notation
Ch1h2R = E˜Se
−τS cos(ϕ)(c˜R0 + c˜R1 cos(ϕ)), (D18)
where
c˜R0 ≡ c
[
(βS1 − βS2)
{
1
c
+ 2z1z2
µ2Sν
2
1ν
2
2
λ4S12
+ (1− z1(βS1 + βS2))(1− z2(βS1 + βS2))P
2
T
4
(D19)
− (1− z1(βS1 − βS2))(1 + z2(βS1 − βS2))R2
}
− 1
2
(βS1ν
2
1 − βS2ν22)
]
,
c˜R1 ≡ c(βS1 − βS2)(z1βS2 − z2βS1 + z1z2(β2S1 − β2S2))PTR. (D20)
Then analogously to the case of σT , we derive
σR,0 = 2pi
∑
q
e2qf
⊥q
1T (x)D
h1h2
1q (z1, z2)E˜S(c˜R0I0(τS) + c˜R1I1(τS)), (D21)
σR,1 = 4pi
∑
q
e2qf
⊥q
1T (x)D
h1h2
1q (z1, z2)E˜S
(
c˜R0I1(τS) +
1
2
[c˜R0I0(τS) + c˜R1I1(τS)]
)
. (D22)
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